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WITH RATIONAL COEFFICIENTS* 

Y 

ARTHUR RANUM 

INTRODUCTION. 

If the coefficiellts of a linear homogeneous substitution (matrix, bilinear form) 
are unrestricted, i. e., belong to the continuous domain of all complex numbers, 
there is no upper lin)it to its finite period; t moreover, for all possible illtegral 
values of n and m there exist linear substitutions in n variables of period qn. 
But if the coefflcients are restricted to the domain of rational numbers, the 
finite period is limited to certain definitely prescribed values that depend OI1 the 
number of variables. For illstance, it is clear that in one variable the only 
linear homogeneous substitutions of finite period with rational coefficients are 

' = , of period one, and w) , of period two. Again, in two variab]es 

the only finite periods will be shown to be 1, 2, 3, 4, axld 6. This lllay be com- 
pared with the well-known result given by IILEIN and FRICKE :L that the finite 
periods of linear frctetzoncll substitutions of determinant 1 in one variable are 
1, 2, and 3. 

In the continuous domain of complex numbers, every linear substitution of 
finite period is completely reducible; i. e. its canollical forln is axial; but in 
the domain of rational numbers, some linear substitutions are only partly redu- 
cible and some are entirely irreducible; hence their canonical forms are no 
longer so simple. Moreover, there is an intimate conneetion between the redu- 
cibility of a linear substitution and its peliod. 

II1 §§ 1-4 of this paper the minimum degree (number of variables) of a 
linear substitutioll of given period m with rational coefficients is determined; 

*Presented to the Society at the Ithaca meeting September 5, 1907. Received for publica- 
tion September 5, 1907. 

t In this paper I sha]l confine my attentioll to matrices whose determinants do not vanish and 
therefore define the period of a matrix aud the identity matri2§: in the usual way; in another 
paper soon to be published elsewhere I shall consi(ler groups of matrices whose determinants 
vanish, and arrive at a more general definition of the concepts period and identity matriJc. 

tSiodulf?lnktionen, vol. 1 p. 182. 
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in § § 5-9 the effect of its reducibilit.y is found; in §§ 10-20 the inverse prob- 
lem is solved of obtaiIling the values of the period of a linear substitution when 
its degree and reducibility are given; §§ 21-27 contain a method of construct- 
ing the canonical forms of all linear substitutions of finite period. The prin- 
cipal results are: (1) a complete determination of all the fillite periods of n-ary 
lilsear substitutions having rational coefficients; (2) a precise classification of all 
n-ary linear substitutions of period m having rational coefficients, with respect 
to their reducibility and canonical forms. Finally, § 28 colltains a brief sum- 
mary of these results for linear substitutions of low degree. 

THE MINIMUM DEGREE OF A MATRIX OF PERIOD qn. 

1. Let 
/ lll lln X 

L _ ( ltj ) = { * * * }, where 1 12j 1 $ ° s 

\ Inl Inn / 

be an n-ary matrix of period nt whose elements are rational numbers, and let its 
characteristic equation be written in the form 

(\)-llij-B8iil-° where aj = 4 1, it /-J, 

If we denote the identity matrix ( Bij ) by I, then L satisfies the two symbolic 
equations Lt Iand 4?(L)=O,whose degrees are n and n, respectively. 
FROBENIUSX has proved that a matrix is of fillite period if, and only if, the 
elementary divisors of its characteristic determinant are all linear, and the roots 
of its characteristic equation are roots of unity. It follows that if its period is 
wz, the L. C. M. of the orders of these roots of unity must be n.t Here the 
term order of a root of unity e is defined as the lowest integer X for which eK _ 1. 

2. We shall need the following: 
LEMMA. Any rational, integral equatzon b(X) = O, whose coeffiictents 

belong to a J£el(l t Q, is the chasacteristbc eqteatton of some ntatrix whose 
elements belong to Q.§ 

*Crelle's Journal, xol. 84 (1877), p. 16. 
t It is incorrectly stated by AIUTH ( EZemetaw theiler art. 91, p. 178 ) that at least one of these 

roots must be a primitive m-th root of unity. 
+ By the term feld we shall understand, as usual, any set of elements that is ¢losed under 

rational operations (excluding division by zero), while we shall confine the term domain to that 
particular kind of field whose elements, infinite in number, are ordinary real or complex num- 
bers. The domain (E1 S 62, * * * ) will be understood to mean the set of rational functions of the 
numbers el, 62 e * ' * - 

Q This lemma was given in substance by DICESON in the AmeriGan Journal of Math e- 
matics, vol. 23 (1901), p. 37. 
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Proof. If @(X) kn + dtl\ff-l + * * + d let L = (1v.) be chosen a3 

defined by the equations 

4>^+l=1 (w=1 * -1) tX=_i<+ (j=1 * n)s 

ItuX-O (j* t 1, & $ n t3=1 * ,, n). 

Then L is evidently a matris whose elements belong to Q o and whose char- 
acteristic equation is @ ( \ ) = O s as required by the lemma. 

Example. If n= 3, 

/ O 1 00 
42 (\)-\3 + dl\2 + iX + 43, L = O O 1 

\-43 -d2 -dl/ 

3. Our Hect is to finds for any given vlue of the degree X of a matris L 
with rational elementss all the values of its finite period m s which are not also 
periods of matrices with rational elements of degree lower thall nS we shall 
attain this object by first obtainingt for any given value of its period nss its 
minimum degree n. Since the degree of a matrix is equal to the degree of its 
characteristic equation and since by the above lemma every rationala integral 
equation with rational coeffiaents is the characteristic equation of some matris 
with rationM elements therefore we wi$h to find an equation b(X) - Os whose 
coeffieZents are rational whose roots are roots of unitys such that the L. C. M. 
Of their orders is m s whose elementary divisors are linear (rhan it is re>rded 
as the charactezistic equation of some definite matris), and whose degree n is a 

* S 

mlnlmum. 

As so defineds 4>(X) = O will not have multiple roots. If it had then the 
. 

equatlon 

¢(X) - n 
[ ¢(X) s m (X)] 

uhere [40(X) 4>/t(\)] is the G C D of ¢(X) and its derivative, would not 
have lnultiple rootss and sisce its coefficients are rationals it would also be the 
characteristic equation of some matrix with ratbllal elements; moreover it 
would b& satisfied by all the roots of ¢(X)= O its elementary divisors would 
be linears and its devee would be less than that of b (h) = O * 

Suppose the function \i-1 to be factored as far as possible in the domain (1). 
Cvrresponding to every divisor 7rzl of s;, there will be just one irreducible factor 
of Vl_ 1 that is annihilated by all the pritnitive ml-th roots of unity and no 
othel7s, and in particular thelXe will be one irredllcible factor bl(X) that is 
annihilated by all the prix:nitive m-th roots of unity and no others. It is clears 

Trarls, Am. Math, Soc. 13 
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therefore, that our problem will be solved by putting b ( X ) equal to the product of irreducible factors of t¢ 1 selected in such a way that the sum of their degrees is a minimum and the G. C. D. of the orders of the corresponding roots of unity is equal to qn. Its elementary divisors will evidently be linear. 

4. If now we impose the further restriction that the characteristic determi- nant 4)(X) shall be irreducible, we plainly have to put b(X) 4)1(X); and since the degree °f (D1(X) is +(en) (EULER'S +-function), the latter is not merely the minimum degree, but the only possible degree of the corresponding matrix. Thus we have derived 
THEOREM 1. Every nzatrisc of period m whose elements are rattonat and whose characteristic determtndnt s irreducible tn the domatn (1) is of degree +(m). lrhe charctoteristic determinant of every stGch matrix is that irredcibtefactor of \ 1 wAlich is annihblated by the primitive m-th roots of ¢nity. 
Example. Every such matrix of period 12 is of degree 4, alld its charac- teristic determinant is \4_ \2 + 1; a representative matrix is 

O 1 0 O' 

O 0 1 0 

O O O 1 

- 1 0 1 0 

, 

5. On the other hand, if we place no lirllitation on the reducibility of the characteristic equation, we can, of course, find matrices of period n whose degree is higher than +(qn), but we can also in general find others of degree much lowerthan+(Xet). Let m 2apll...par,wherepl,*,prare thedis- tinct odd prime factors of nz (if any exist), where al, * ., Ctr are positive inte- gers, and where a is a positive integer or zero. We wish to find a set of inte- gers nal, * *, ms whose L. C. M. is m, and the sum of whose +-functions is a minimum. It will evidently be sufficient to take these integers prime to each other. For if any two of them are not prime to each other, their G. C. D. is at most 2, and +(2ec) _ +(ec) where ec is odd. Moreover, if ml and m2 are prime to each other, ¢)(mlm2)- +(ml) +(m2); and since the sum of two positive integers is less than, or equal to, tlleir product, unless one of tllem is unity, it follows that + (qnl ) + + (qn2) C + (nbl m2) b unless + (rltl ), say, is 1, i. e., unless nsl= 2. 
Therefore, if a > 1, the required integers can be taken to be 2a, pll, . . , prr > and the required minimum degree of a ulatrix of period nz is ¢>(2a) + ¢1(plal) + + ¢)(prar) while if a 0 or 1, the integers can be taken to be 2apftl f pft2 ( ' * * ( p57e and the minimum degree is + ( pll ) + . . . + + (pfrr) 
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If we define +(m) by the equations 

+(2 )+,+(p,i), if a>1, 
i =1 

A(w) r 

+(pai), if a=1 or 0, 
i =1 

we have 
THEOREM 2. If the characterstic determtnant of a matrise of pertod m, 

whose elements clre rationul, is reducible tn the domain (1), its irreducible fuc- 
tors ure those trredtlcible factors Of ;4m _ 1 which are annthilated respec- 
tively by the rfrnttive rn1-th .rns-th roots of ?lnity, where ml, . , rnS clre 
inteyeqs whose L. C. M. zs equal to m. The minimum degree of a matrix of 
period m with rcctiozal elements is equal to +(m). 

Example. If m = 15, the minimum degree is 6, and every matrix of period 
15 and degree 6 has for its characteristic (leterminant 

( x2 + \ + 1 ) (\4 + 3 + \2 + \ + 1 ), 

a representative matrix is 

r O 1 0 0 0 O' 

I O 0 1 0 0 0 

O O 0 1 0 0 

-1 1 1 -1 0 0 

O O O O O 1 

, O O O O -1 -1, 

THE REDUCIBILITY OF MATRICES IN A GLIVEN DOMAIN. 

6. A classification of matrives with respect to their characteristic equations 
will now be considered, and the results will be obtained for matrices whose ele- 
ments belong to any domaill Q, not necessarily the domain (1), and not merely 
for matrices of finite period, but for all matrices whose characteristic determin- 
ants llave linear elementary divisors. 

If the totality of all the n-ary matrices in Q, whose deterlninants are not 
zero, is called the chief linear group (f Q, then two such matrices, L and L', will 
be said to be co?yugczte zaw Q, if they are conjugate in the chief group of Q, 
i. e., if tllere exists a matrix M in the chief group, such that M-1 LM-L'. 
A matrix L will be said to be reducibte in Q, if it is conjugate, in Q, to a 
matlix of the fortn 

Lt {L1 O]0 
= \ °2 L2 J 
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where L1, L2 are square matrices and °1 °2 are rectangular matrices whose 
elements are all zero. If the component matrices L1 and L2 are themselves irre- 
ducible, then L' will be called a reduced matrix. If nots then L' can be further 
transformed into a matrix havillg three or more components. When finally all 
the components are irleducible, the complete matrix is said to be reduced in Q. 
If the reduced matrix is axial, i. e., if all its elelnents outside of the principal 
diagonal are zero, the original matrix L is said to be completely reducible. In 
the complete set of conjugates to a given matrix L a simple representative 
matrix may be chosen as the canonical form of L. The canonical form of a 
reducible matrix will naturally be chosen to be a reduced matrix. 

7. It is well known * that in the continuous domain of complex numbers all 
matrices, except those whose characteristic determinant has only a single ele- 
mentary divisor, are reducible and that every matrix wllose characteristic deter- 
minant has only linear elementaly divisors is completely reducible. In a 
smaller domain, however, matrices are in general less reducible and the number 
of irreducible matrices is larger. 

Example. The ternary matrix 
/0 1 0\ 

L= O O 1, 

\1 O 0/ 

of period 3, is colnpletely reducible in the domain of conlplex numbers, and its 
reduced form is 

/1 0 0\ 

O e O, 

\0 0 62/ 

where e is a primitive cube root of unity; whereas in the domain (1) it is only 
partly reducibles and its canonical reduced form can be taken to be 

/1 0 0\ 

L'= O O 1 . 

\O -1 1/ 

It is easy to verify that 
/1 0 1\ 

1 1 1 

\1 1 0/ 

is a matrix that will transform L into 1,'. 

8. The following statement can be given to a well-known result in the theory 
of elementary divisors: t 

* MUTH, ElementartAle?ler, arts. 77-79. 
t FROBENIUS, C relle 2 s Journal, vol. 86 (1878)X p. 146. 
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Zwo ntatrices be70nying to a domain Q are conjugate in Q, if, and only ift the elementary divisors oJa their characteristic determinants coincide. In the particular case in which the elementazy divisors are linear, they will coincide if the charaeteristic determinants themselves coincide. Therefore, if the charcleteristtc (leterminants of two matrices belonying to Q have linear elemetary divisors, then the coincidence otf these characteristic determinants is the necessary arahl sufeient condition that the nzatrices are conj?siyate in Q. Among the matrices to whieh this theorenl applies are those of fillite period, since their elementary divisors ale linear. Hence we see that two matrices of fnite period belonying to Q are conjugclte in Q * if, and only if, they have the same characteristic determinant. 
Example. The above-mentiolled ternary matrices of period 3 both have the same characteristic determinant, \3-1. 

9. Bre are now prepared to prove 
T1IEOREM 3. A wbatrizL,qt1hose charczeteristic determinant ¢()t) hasits e7ementary divisors all linear, is redecible in a given domain Q, if, and only if, its charcleteristic deternainant is reducible in that donzai7z If the irreducible factors of 4?(\) ctre bf?l(X). ..., 4?s(X), <f degrees nl, ***, n8, respectively, then the reducedfcsrwz of L i.s made Up of irreducible cornonents L1, , L8, of degrees al, *, As X respecttvely, whose characteristic determinants are 

4)1 ( \ ) \ ' ' ' s 4)S ( \ ) s res29ectively. 
Proof. (cz) If L is reducible in Q, it obviously has the same characteristic determinant as its reduced form. Moreover, the characteristic determinallt of a reduced matrix is the product of the characteristic determinants of its com- ponentss and is therefore reducible in Q. 
(b) If 49(X), the characteristic determinant of L, is reducible in Q, and its irreducible factors are b1(X) X 4>s(X) then, by the lemma of §2, com- ponent matrices L1, * *, Ls exist in Q having the functions 4',(X), * X Ms(X) as their characteristic determinants. Moreover, the latter, being irreducible, have no multiple roots, and their e]elmentary divisors are linear. Therefore the reduced lnatrix L', made up of the components L1, , Ls, has the same char- acteristic determinant, with the same linear elementary divisors, as L; i. e., L and L' are conjugate in Q and L is reducible in Q. 
Example. 

O 2 0 2 
1 0 -1 O L= 
O O O 2 

wO O 1 O, 
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is a matrix whose characteristic determinant, (\2 2)2, has the elementary divisors ( //2), ( >/2) (\ + /2) and (\ + 1/2). Since this char- acteristic determinant is reducible in any domain, L is reducible in any domain. In the continuous domain, L is completely reducible and its canonical form is 

,/ 2 0 0 ° 
0 2 0 0 
O O 82 0 

< O O O vX2 
In the domain (1), however, the irreducible factors of its characteristic deter- minant are \2 _ 2 and \2 . 2 and its canonical folm can be taken to be 

O 9 O O 

1 0 0 0 

O O 0 2 
vO O 1 O, 

COROLLARY. A matriz of f nite period is reducible in a given domain, if s and only if, its characteristic deterfilinant is reducible in that donaair^. 
Example. The reducibility of the matrix mentioned in § 7 is due to the reducibility of its characteristic cleterminant (\-1 ) ( \2 + \ + 1 ) . 

THE FINITE PERIODS OF #-ARY MArTRICES. 
10. In all that follows, the domain (1) will be understood.* By means of Theorem 3 and its corollary, the reslllts of Theorems 1 and 2 can now be expressed in the followillg form: 
THEOREM 4. Every irredveible nzatrix of period m with rational eleqe-tents is of dfegree +(tn). Every reducible qetatriz of period qws with rational elemeqzts is of degree +(ml) + * * * + +(m), where ml, , rraS are inteyers whose L. C. M. is equal to m; its redteced form is made up of irred?>cible com- ponents whose degrees are + ( ml ), * * , + ( mJ ), respectively. The minirr^?>m degree of a matriz of period m wtth rational elements is +( nz ) . 
EXAMPLE. If n 20, the irreducible matrices are of degree 8; the reducible rnatrices are of various degrees ranging upward from the minimum salue, which is 6; for instance, by taking znl = 1, m2 4t 3 4, m4-10, we get 1 + 2 + 2 + 4 _ 9 for the degree. 
11. Theorem 4 is analogous to the following well-known properties of per- mutations (substitutions): 
* In a future paper I hope to treat in a similar rnalluer the domain ( e ), where e is a root of UDit. 
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Every transitive (cyclical) permutation of period sx is of degree m. Every 
intransitive permutation of period m is of degree ml + . + ms, where 
ml, * *, mJ are illtegers whose L. C. M. is equal to qn. The minimum de.gree 
of a permutation of period 2apll * *ptr is 2a +p1l + * * +pars if a > 0 and 
pal + . . . + 2var r if a 0 r 

EXAMPLE. A permutation of period 20 and of minimum degree 9 has one 
cycle of 4 letters and one of 5. 

12. COROLLARY 1. lthe minimum degree of a matriac whose period m is a 

power of arinle, or twice pouper of an odd prime, is +(m). In particulyar, 

the minimqzm degree of Cl matriz of prime period p is p I . 
From Corollary 1, in view of the lemma of § 2, we derive 
COROLLARY 2. If p is a prime and a is an inteyer deternzined by the 

inequalyities pa-l(p 1)_ nAp5(p 1), then n-ary matrices eacist qehose 
period is any power of p as high ClS the cl-th, but no higher. In particulyar, 
if p 1-n < p ( p 1 ), n-ary matrices exist of period p, but none of period 
a power of p higher than the first. lthe highest prime period of an n-ary 
matriac canabot be greater than 2z Jr 1 

sillce, for most values of m, + ( m ) < + ( rn ), it follows that in general the 
minimum degree of matrices of period m is less than the degree of the irredu- 
cible matrices of that period; i. e., there exist reducible matrices of lower degree 
than the irreducible matrices of the same period. 

But there are exceptional values of n for which +(tn) +(m). The solu- 
tions of this equation are evidently 

(1) 7Rz - 2 s (2) nt p , (3) qn 2pa s (4) m _ 12 . 

If m has any of these values, the minimum degree of matrices of period qn is 
equal to the degree of the irreducible matrices of that period; and there are no 
reducible matrices of lower degree than the irreducible matrices of the same 
period. 

Moreover, if m 2as pas or 2pa, all the matrices of minimum degree qb( m) 
are irreducible. Hence, every matrix whose period ns is a pouner of a prime or 
twice apower of an oddprime, and one unhose degree is +(m), ts irreducibte; 
the degree of every reducibte matriz of the same period is greater than + (m) . 
bn particutar, every matriz of rime period p andofdegree p- 1 is irredu- 
cibte; the degree of every reducibte matriz of period p is gwXeater than p - 1 . 

On the other hand, if m 12, qb(nz) 2 2 and +(qn) 2 + 2 . Therefore 
some of the matrices of period 12 and of degree 4 are irreducible and some are 
reducible; every reducible matrix of period 12 is of degree 4 or more. 

13. With the single exception, qb(2) +(2) 1, an odd number cannot be a 
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value of +(nz) or of +(m). Moreover, not ever.y even number can be a value of 
+ (?n) n among the even numbers which are not values of + (ns) the smallest are 
14 26 34 38t and 50. Howevert it is easy to see that evev even nanlber is 
included aznong the values of +(ra). 

Fronl these data drawn from the theory of numbels the following conclusions 
can be immediately drawll. TTe dgree of ax irreducible tnatrzz Winite peqviod 
cA7Znot bX R odd nvsz6er gretv tAX¢ 1 or one of the erex wmbers 14* 26 
34, 38 50 etc.; in other words every matrix of finite periods whose dNree is 
eithar an odd number greater than 1 or one of the even numbers 14 26 34 38 
60 ete. is redueible In partictllars every ternary matrix of finite period is 
reducible in tlle domain (1)*. 

lthe nainim7om degree qf a matrix of pite period can be ctny even n7hnzber 
wAatsoerer but cnnot be an odd nenzber greter th 1; in other words 
every even number is the minimum degree of the matrices of some finite perlod 
whereas if a matrix of finite period is of odd degree ( > 1 ) > another matrix of 
the same peziod and of lowar dagree can be found. 

14. Let +-l(x) and +-l(z) be defined itl the usllal way as the inverse +- and 
+-fllnctiolls of w. As so defined they are multiple-vallled for some integral 
values of Z and do not exist at all for other values of w Neither +-l{Z) nor 
+-l(z) exists for anyodd value of Z greater than 1; +-1(z) exists for all even 
values of Z except 14, 26 ete., and tl (w ) exists for all even aralues of Z without 
exception. 

The values of +-}(n) are evidently the finite perlods of irreduelble tnatrices 
of degree n S while the values of s¢-l (n) are those finite periods of reducible 01' 

irreducible matrices of degree n which are not also periods of nlatrices of lower 
degree. To find all the finite periods of n-aly matricess it is necessaryS therefore 
to incltlde the totality Qf the vaJues of +-l(z) for sll integral values of z from 
1 to X inelusive i e.*, if =2k or 2k 1, to inelude the values o£ +-1(1)? +-I(2)s 

t04) ( +-l(2k). In view of the leuma of § 9 we ma.y state 
THEOREM 5. ¢ n = 2k or St + l l the pite periogs of A-,ry matrices with 

rational eteenef7z0s aref tte talves of +-1 ( 1 ) + +-1 ( 2 ) 2 +-l ( 4 ) * * * Qf -l ( 2k ) 
Therc ew-Xst n-ary rra>^ces A-arny ZZ these Serzodss but rzone hrzaty ny 
ot7zer pite perzods. 

COROLLARY The. fiCzzite perbods of zatrices of G?egeee 2k + 1 are ewactly 
tiie Snze s tA,08e og deyree 2Ju. 

hOn the other hand POINCARE has shown (les Fbnetiows fe7Ts2ee1nes (t ltctr?ttGimefiqxe, Liou- 
sille's Joulualy ser. 4} sol 3 (1887) ppt 439-449)thatwithin tbegroup of ternary matrices 
whose determinants are equal to unit;y and whose elements are not ouly rational but integral} 
*e nzaoces d finite period are not all reducible} althengh eir aracterlstic determinanS 
evidently break llp into fActors wiffi rational, and tberefore intNral coeffieients. 
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15. Geometricat interpretation. There are various ways in which n-ary 
matrices, or linear substitutions in n variables, can be interpreted geometrically 
as collineations. For the present, let us regard the n variables as cartesian 
point coXordinates in flat space Rn of n dimensions. Then an n-ary matrix 
becoules an affine transformation of Rn that leaves the origin fixed, an affine 
transformation being a collineation that leaves the R^_1 at infinity fixed. 

Now the corollary to Theorem 5 shows that the yinite eriods of affne trans- 
fora7xations with rationcll coecients that leave the origin fxed are eacactly the 
sanae -in space of 2Ac + 1 dimensions as in space of 2k dinzenstons. This 
result is analogous to certain other properties which distinguish space of all 
even number of dimensions from space of an odd nulnber of dimensions. For 
example, in 22z+l as well as in R2k the most general movement about a fixed 
point is the resultant of ffi independent rotations in ffi mutually perpendicular 
planes.* 

16. In order to compute with facility the values of +-l(n) and +-l(n) cor- 
responding to a given value of n, it will be necessary first to construct a short 
auxiliary table of those particular values of +-l(n) which are powers of primes. 
These can be written dowll by inspection, as follows: 

n 1 2 4 6 8 10 12 16 18 20 22 28 30 32 36 40 42 

1 2 3 5 7 11 :13 17 19 23 29 31 37 41 43 
5s ,t/ -1' 22 23 32 24 25 33 52 9&6 72 

17. Computation oJX +-l(n). Let m (t-l(n). If m = 2a()pll * pare 

then n=+(2 o) +(pll )+ +(par) Nowlet 

nO- +(2ao), i. e., 2ao +-l(nO), 
(l ) n +( pal ) 44 pal +-1 ( n ) 

. * . . . . . . . . . 

Ar - + ( Prr )9 ;; Prr: + 1 ( 9br) . 

Then n nOnl * *. nr and +-l( n ) +-l(nO) +-l(nl) * +-1(nr). 
Therefore, to compute the values of +-l (n) we first resolve n in every pos 

sible way into even factors nOs nl, *s., nr (except that aw0 may be 1) stleh that 
the values of their inverse +-functions can be taken to be powers of distinct 
primes, then for every such resolution of n we select those powers of distinct 
primes in every possible way and form their product. The products so formed 

*SCHOUTE, Mehrdimensionale Geometrie (1902), vol. 1, art. 112. 
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are the required values of +-l(n). The work will be shortelled somewhat by 
ignoring the case nO 1 until the end and then nlultiplying every odd value of 
+-1 ( n ) by 2 to form an additional even value. 

18. Table of vatues of +-1 ( n ) . 

The finite periods of n-ary irreductble matriccs. 

Period = +- (n) 

2aopl 1 ... pat= m 

Degree = n 

n = nO ... nr 

Degree = n Period = +-1 ( n ) 

2aopl 1 .. prar = m 

52 _25 
2.X>2 _ 50 
3-11 = 33 

2)3-11 = 66 
22)11 = 44 

23 = 23 
2)23-46 
3-13=39 

2-3-13-78 
22-l3 = 52 

5-7 =35 
2)557--70 

23-7 -- 56 
23-32 = 72 
3255 = 45 

2-32-5= 90 

2253@7 = 84 

4--a- - ou 

17= 17 
2o17 = 34 

25--32 
24-3 = 48 
2385 = 40 

'2223-5- 60 
19 = 19 

2-19=38 
33 = 27 

2-33 -= 54 

n = nO ... nr 

20 -20 

4 

6 

.S 

- 1 1= 1 

22 

255- 

22.3 

2-7- 
32 

2-32 = 

24 
3 5 = 

2 3 5- 
2255 = 

23 3= 

2 

3 -= 
283 = 

,5 = 

23 = 

2 
3 

6 
4 

5 
10 

8 

12 
7 7= 

14 
g 

18 
16 
1 ,5 

30 
20 
24 

- 2510 

4 

- 252 

- 6 

- 8 

- 2 *4 

- 4 *2 

'2 -22 

24 -2c12 

-4c6 

-6-4 

= 2c2-6 

16 

18 

= 16 

=8c2 
=4c4 
= 2 2c4 
=18 

19. (7omputation of +-'(n). Let qn +-1(Rz). 
If nb-2aopal] . . . par a where a(,>1, then n-+(2ao)++(pll)+ ++(pCtr)- Defining nO, nl, , nr, 

as before, by equations (1), we obtain the final equations n nO + nl + * * * + nr 

oand sr-l(n)-+-l(no) +-l(nl) +-l(nr)- 
Therefore the computation of +-l(n) is strictly analogous to that of +-l(n). 

We first form all the possible partitions of n into even parts nO, nl, . . ., nr, such 
that the. values of their inverse +-functions can be taken to be powers of distinct 
primes; then for every such partition of n we select those powers of distinct 
primes in every possible way and form their product. The products so formed, 
$ogether with the doubles of those that are odd, are the required values of +-1( n ) . 

Degree = n Period = +-l(n) 

n = nO ... nr 2ff° pl ff .*. paM = m 

10 _ 10 11 = 11 

2-11 = 22 

2 =12 13=13 

2M13=26 

=2-6 3-7=21 

2M3M7-42 

22-7 =28 
92.R2 = 2 
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20 Tclble of vcllues O f +-1 ( n ) * 

Those finite perieds < n-a7 mat7vica which are o! Z*so penoiX f ( n-1 )-ry trices. 
l 

Degree = n | Period 3 +-lin ) 

= no + -- f nr aopl 1 .., ar= m 

Degree= n Period A-l(n) 

n -nO + ** * f f r 2a°pa1 ,. . p(T,r= m 

-8 24 1 

_ 6 

=2+6 3-7-21 

2+37= 42 
2a-7 = 2f3 

Sa-32 36 

Degree = n Period = +-l{n) 

n -ns+-- n 2ff0pa1 .par-m 

12 a-12 13= [3 
9193= 26 

=2+10 3*11- 33 
t2*3-11= 66 
22 11 = 44 

8 t 4 2 5 = 80 
-6+6 32*7= 63 

2 32*7 126 
= 2+4+6 3*Eii*7 = 105 

2-3*5*7 = 210 
22*5*7= 140 

= 4+2+G 23X3X7 = 168 
= 2+6+4 22*3225 _ 180 

T t 

2 

2*' 
2 
2 

1= 

2= 
3= 

2-3 
22 = 

5- 
2 5 = 

23 - 
22.3 - 

7= 

2 

3 
6 
4 

5 
10 

8 
12 

7 

2.7 - 14 

23 5 
22*3*5 

11 

2-11 
24 3 
5-7 

2*5*7 
23.7 

f-32 
32q5 

2-3an5 
22q3-7 

40 
60 

11 

22 
48 
35 

70 
&6 
72 
4& 

* 90 

W 84 
i 120 

1 -1 

2 _2 

4 =4 
=4+4 
= 2+2+4 
=10 

=8+2 
-4 + ¢ 

=6+4 

-2+2+6 

10 

= 442+4 

-2 
_ U 

2 

2 + 4 

4 + 2 

CANONICAL FORMS. 

21. Mte wish to determine the callonical forms of all n-ary matrices of period 
m in the domain (1). The canonical fornl of a reaucible matrix must be a 
reduced form whose irreducible components are all in thair canonical formss 
but the lattert i. e., the canonical forms of irreducible matrices, can be chosen 
in a variety of wavs, the desideratum being to have as large a number of sero 
elements as possible. One effective method is to U$8 the lemma of §2. 
Another nlethod, which to some extent agreex with the former, and which 
tnakes every canonical form, at bottom a permutation, will now be outlitled; 
the canonical form of an irreducible matrix L will be determined for different 
values of its period m. 

22. tn : p, a pritne. In this case £ is of degree P-1. Assume 3v letters 
Xl * * S X, connected by the symmetrical relation X1 + * * . + X; = O 
(geometrically, p coordinatess of which p 1 are indwendent). Any cyclical 
permutation on all the letters is of period p aIld is equivalent to a linear sub- 
stitution on the first P 1 of them > in particulars the permutation (X1 . * X ) 
is equivalent to the linear substitution 

Xt ws Vt Trt 

1 it2 2 = 3 ^ s AP-1 : r1 j 4-1 

38 

g 

' 3-18 
3*5=15 
3*5-30 
'2*5-20 
'3*3--24 
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and thelefore to the matrix 

O 1 0 *r O' 

O 0 1 *** O 
T t 

1, * . . . . . 

O O O *** 1 

i 1 -1 1 ** 1, 

of degree p 1.* L' will be taken to be the cazonical form of L. For 
exalnple, if p = 2, L' ( 1 ); if p 3, L' (_° _1). 

23. 4/}I = pa(p a prime). In this case L is of degreepa-l(p 1). Assume 
pa letters X1, . . ., X a connected by the pa-l symlnetrical relations 

p-1 

(2) :£, Xi+jpa-l = O ( i -- 1 * . . pa-1 ) 
,/ =O 

(geometrically, pq coordinates, of which pa-l(p _ 1) are independent). Take 
any cyclieal permutation on all the letters whieh leaves the re]ations (9) 
invariant and is therefore imprimitive, having the systems of letters entering 
into those lelations as imprimitive systems. Such a permutation is of period 
va and is equivalent to a linear substitution on the pa-l ( p 1 ) letters 
X1, -, Xa1tp_l), which are obtained by omitting the last letter of each 
imprimitive system. 

Ill particular, the permutation (X1 . . Xa) is equivalent to the linear 
substitution 

p-2 

V' V V' V Vt To 1 2 2 3 s j)a-l(p_1) L t+jlsa-1 - 

j=d 

The cotrresponding mattiz will be taken to be the carbonical form of erery 
ireeducible matriz of periodp. 

For exatnple, if m - 32 we have nine letters r1, . , Xg connected by the 
three relations 

kl+X4+X7 X2+X5+X8 X3+X6+Xg O; 

the permutation (X1 *-* X9) iS equivalent to the linear substitution 

w- t ve t w.r wn x ar wo, To v wo t wt _ wo 

=t1 2 2 <3 <3 4 4 5 5 6 6 1 it4 

*This method, for the case m-p, was given, in substance, in my paper in the Bulletin 
of the American Mathematical Societ sr (1907), vol. 13, p. 343, Q 14. Cf. also KL13:INX8 
n-arygroupof order (n+1)! (KLEIN, Mathematische Annalen, vol. 4 (1871), pp. 346- 
358; MVORE, American Journal of Mathematics (1900), vol. 22, pp. 336-342.) 
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and therefore to the canonical matrix 

- O 1 0 0 0 Ot 

O 0 1 0 0 0 

O O 0 1 0 0 

O O O 0 1 0 

O O O O 0 1 

< 1 0 0 1 O °J 

Again, if tn 22, we have four letters Xl, X2, X3, X4, connected by the 
two relations, X1 + X3 2 + X4 0; the resulting canonical form of an 
irreducible matrix of period 4 is ( _° 1 ). 

The method of § 22 is evide?ntly a special case of this, for a = 1. In these 
two sections the result agrees with that obtained by means of the lemma of § 2. 

24. m 2pa (p an odd prime). In this case L is again of degree pa-l (l) _1). 
Its canonical form is easily obtained from that of an irreducible matrix of period 
pq bv changing the signs of all its elements. For example, if m= 2 3, the 
canonical form is ( ° -1 ) . 

25s m-pll parr (pl,...,prbeingdistinct primes). Inthisgeneral case 
L is of degree +(m) _ pfltl-l(pl 1 ) * ..pftr-l{P2._1). Consider the m letters 

il . * . ir ( il -1 s X P1 ; * ' '; ir = 1 X pftr ) . 

Suppose them connected by the sets of symmetrical relations 
P1 1 

E Yi1+>,ll i2, . . ., i ° (il-1 * * * pll ; i2 = 1s . . *, t22; . . .; ir-1 . . s prr) f 

(4) < e e * e e . e . e . e e e e e 

/)r- 

E Xi1 . . . i 1 iriipr (il-1 * * X pl ; * ' *; i 1-1 * * * p r 1; i -1 * * * p r ) 

the number of which is m/pl + + m/pr. Geometrically, the letters so 
denoted may be regarded as m coordinates, of which the letters 

(5) Xil i (il = 1, * * ., pll ( P1-1 ); *; ir = l X * * * X prr ( Pr- 1 )) r 

+(m ) in number, are independent, and the rest are connected with these by the 
sets of relations (4). Take any cyc]ical permutation of the m letters (3), which 
leaves the sets of relations (4) unchanged. Such a permutation is of period m 
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and is ilnprimitive, having the systetns of letters entering into those relations 
as imprimitive systems. It is evidently equivalent to a linear substitution on 
the +(m) letters (5), and therefore to a matrix of degree (nz). 

In order to obtain a simple canonical form for the matrix, it will be con- 
venient to extend the range of values of the suffixes 1 *, ir to include all 
integers, antl to define every new letter Xxl xr SO obtained as equal to the old 
letter whose suffixes are the least positive residues of the suffixes of the 
new letter with respect to the moduli pll, 9 prr. More precisely, we put 
Xi1 ir Xi1 . . i', if, and ollly if, il-1, modpll, ** , and ir--i', modpar. 
Then the letters 

Xi,i,...,i (i=l, 2, --, m) 

are all distinct. For if Xq ? ... f = Xj j . j, then i _j, modp<,1, modp22, , 
and mod P5r; and therefore i E j, mod ns . So, being m in number, they are 
simply the letters (3) arranged in a particular order. 

It is now clear that the permutatiotl ( Xl 1 . . . ,1 * * * Xm, m, . ,., m) o of period rn, 
has the required imprimitive systems, and is therefore equivalent to the follow- 
ing linear substitution on the +(m) letters (5): 

t1 - X tr Xi,l+l X . . . X tr+l [ il = 1 r * * - X pll ( Pl-1 ); * - -; tr --1 . . . pAr-1 ( p 1 ) ] 

in which it is understood that every supernumerary letter is to be expressed in 
terms of the letters (5) by means of the relations (4). lthe resulting matrix 
wilt be taken to be the c(xnonbealform of every irreducible matriz of period m. 

The §§ 22-24 are evidently special cases of this section. 

26. Examples. (1) If m=3 5,sothat +(W) 2 4,wehavethe15letters 

Xll Xl2, r13 Xl4, X15 

X21, X22 X23, X24, X25, 

X31 X32, X33, >234, X3s, 

conditioned by the vanishing of the sum of the letters in each row and in each 
column. The permutation ( X1 l * * X15 15 ) becomes the octonary linear sub- 
stitution X'j = Xt l j+1 (i = 1, 2; j = 1, 2, 3, 4), which may be written 

Xlj-X2 j+1 (j-1, 2, 3), X14 = El 2j 

2 J=l 2 3, 4 

X2j=-EXi,i+l (j=1,2,3), X24 E Xij. 
i=l t=l, 9 
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Therefore the canonical form of an irreducible matrix of period 15 is 
'O O O O O 1 0 O' 

O O O O O 0 1 0 

O O O O O O 0 1 

O O O 0 1 - 1 1 -1 

O 1 0 0 0 1 0 0 

O 0 1 0 0 0 - 1 0 

O O O -1 0 0 0 -1 

1 1 1 1 1 1 1 1, 

(2) If m _ 22 :3, so that +(m) = 2 2, we have the twelve letters. 
Xij (i = 1, 2, 3; j 1, 2, 3, 4), connected by the relations 

Xil + Xi3-Xi2 + Xi4 0 (i = 1, 2, 3 ), Xlj+X2j+x3j_ O (j 1, 2, 3, 4). 
The permutation (Xll . * Xl2l2) becomes the quaternary linear substitutionb 
>rt j-Xx,+l j+l (i ? j = 1 s 2), which may be written 

X' X22 X1 2 = - X2], X21 = - X12-X22, X22-Xll + X21 

Therefore the canonical form is 

'O O O 1' 

O O - 1 0 

O - 1 0 - 1 

41 0 1 O, 

27. WVe are I1OW prepared to find the canonical forms of all n-ary matrices of 
period m. Theorem 4 shows that we merely have to select in all possible Wslys 
integeels ntl, . , m8 such thclt thebr L. C. M. is m, and + ( ml ) + * * + + ( ms ) = n . 
The number of canonical forms is equal to the number of ways of selecting 
these integers. lthe canonical form corre>sponding to any given selectzon is 
obtained by ta7azing irreducible components of peeliods qnl, , rnS and of degg ees 
+ ( rnl ), . * , + ( m8 ), respectively, each in its canonical form as deyined above, 
clad combirbing them into a sinyle reduced matriz. 

Example. If n= 3 and m 6, we find three pairs of values of s1, and m2, 
namely 3 and 2, 6 and 1, 6 and 2, and therefore three canonical forms of ternary 
matrices of period 6, namely, 

/ 1 0 0\ 11 0 0\ / 1 0 0\ 

I O 0 11, lo o - 11s O 0 11. 

\ O - 1 -1/ \0 1 1/ \ O 1 1/ 
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It will be noticed that every canonical form, as we have defined it, is a matrix 
whose elements are equal to O, 1, or 1 and whose determinant is equal to i 1. 

RESULTS FOR MATRICES OF LOW DEGREE. 

28. The results of the foregoing theory may be applied to matrices of a few 
of the lowest degrees and summarized as follows: 

n - 2 . Apart from the trivial case m - 1, the onlyfinite periods of biqlary 
matrices with rational elements are 2, 3, 6, and 4. The matrices of period 2 
are all reducible i their canollical forms are ( -O _1 ), whose characteristic deter- 
minant is ( X + 1 )2, and ( t _1 ), whose characteristic determinallt is ( \- t)(X+ 1). 
The matrices of periods 3, 6, and 4 are all irreducible; their canonical forms 
and characteristic determinants are (_1 _1 ) and \2 + \ + 1 s (1 -1) and \2 \+1s 

( _1 o ) alld \2 + 1 X respectively. 
n-3. ln the field (1) ternary matrices have the same finite periods as 

binary matrices, and all ternary matrices of faite period are reducible. Those 
of period 2 have three canonical forms, namely, 

/- 1 0 0\ /1 0 0\ /1 0 0\ 

O -1 0, O - 1 0, O 1 0, 

\ O O - 1/ \0 0 - 1/ \0 0 - 1/ 

whose characteristic determinants are (\+t)3, (\ t)(\+1)2, and (\ I)2(X+1), 
respectively. Those of period 3 can all be trallsformed into the single canonical 
form 

/1 0 o 

l° ° 1 , 
O -1 - 1 

whose characteristic determinant is ( X _ 1 ) ( B2 + \ + 1 ) . Those of period 4 
have the two canonical forms 

=tl O O 

O 0 1 , 
O -1 0 

whose characteristic determinants are (\ =F 1)(\2 + 1). Finally, those of 
period 6 have the three canonical forms mentioned in §27, the corresponding 
characteristic determinants beillg ( X + 1 ) ( B2 + \ + 1 ) and ( X + 1 ) ( B2_ \ + l ) l 

respectively.* 
R-4. Quaternclry mcltrices hclve the periods 5, 10, 8, clnd 12, in additton 

to those of binary nlatrices. All quaterllary matrices of periods 5, 10, and 8, 

* Contrast these nine canonical forms of ternary matrices, all of which are reduced, with the 

eightcanonicalforms, four reducedandfour irreducible, obtainedbyPoINcsBE (1. c., p. 448). 
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and sonle of period 12, are irreducible; all those of periods 2, 3, 6, and 4, and 
some of period 12, are reducible. Those of period 2 have four canonical forms, 
which require no further mention. Those of period 3 have two canonical forms, 
whose characteristic determinants are ( X 1 )2 ( \2 + X + 1 ) and (\2 + \ + 1 )2, 

respectively. Those of period 6 have seven canonical forms, and those of period 
4 have four canonical forms. 

Those whose periods are 5, 10, and 8 have the canonical forms and character- 
istic determinants 

o o 1 o o' 

o o 1 o 

O O 0 1 

W-1 -1 1 1, 

o - 1 o o' 

o o - 1 o 

o o o - 1 

Wl 1 1 1, 

and \4 + \3 + x2 + X + 1, 

and x4 x3 + x2 X + 1, 

and 4 + , 

iod 12 which are irreducible have the 

o 

o 

o 

W - 1 

1 0 0E 

0 1 0 

O 0 1 

o o o 

respectively. Those matrices of per 
canonical form 

o 

o 

o 

1 

O O 1' 

O - 1 0 

1 0 1 

0 1 O, 

and the characteristic determinant \4. \2 + 1, while those which are reducible 
have the two canonical forms 

1 0 08 

o o o 

O 0 1 

O -1 1, 

1 0 0s 

o o o 

O 0 1 

O 1 1,, 

- 1 

o 

o 

o 

and 
o 

O 

whose characteristic determinants are ( \2+1) (\2+\+ ) and ( B2+ 1) ( \2_\+ t) 1 

respectively. 
Trans. Am. Mat}). Soc. 14 
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n = 5 . Quinary matrices have the same finite periods as quaternary matrices; 
all quinary matrices of firlite period are reducible. 

n = 6. Senary matrices have eight additional periods, viz.? 7, 14, 9, 18 15, 
3O, 20, and 24, making seventeen periods in all. Those whose periods are 7, 
14, 9, and 18, are irreducible, thosewhose?eriods are 16, 30, 20, and 24 are 
reducible, and their reduced forms are each made up of two components, one 
binary and one quaternary. There is a single canonical form corresponding to 
each of the periods 7, 14 9, 18, 15^, 20, and 24, while there are three canonical 
forms corresponding to the period 30. 

n= 7. Septenary matrices have the same finite periods as senary matrices; 
all septellary matrices of finite period are reducible. 

n = 8. Octonary matrices have seven additional periods, 16, 21 42, 28, 36, 
40, and 60. Here for the first time we meet with irreducible matrices of 
periods 15, 30, 20, and 24. Besides these, there are also reducible octonary 
xnatrices of periods 15, 30, 20, and 24. For example, the irreducible matrices 
of period 20 have the characteristic determinallt \8 _ \6 + \4 _ \2 + 1, while 
the reducible Inatrices of period 20 have eight diflerent characteristic determi- 
ants, one of which is ( Bw + \3 + \2 + \ + t ) ( \2 + 1 )2 . 

This classification can easily he extended to cover matrices of any give 
degree whatever.s 

CORNELL UNIVERSITY, 
JUS?{St, 1907. 

* I wi to ack}owledge my obligation to Professor FITE for valuable assistance in oorrecting 
errors and omissions iIl this paper. 
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